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ABSTRACT
We consider the dynamics of non-inertial and inertial particles in several types of geophysical flows. The underlying structures of the flow 
fields are examined via their associated Lagrangian coherent structures, which are found by computing the finite-time Lyapunov exponent 
(FTLE) field. For inertial particles with finite size and mass, the Maxey–Riley equation is used to describe the particles’ motion and to find 
the inertial FTLE field. We compare the behavior and FTLE fields of massless non-inertial particles and light (bubbles) and heavy (aerosols) 
inertial particles using the velocity fields from the double-gyre flow, Bickley jet, and eddy-quadrupole models, as well as an ocean dataset of 
Monterey Bay, California. In addition, we explore the preferential aggregation of inertial particles in these flows and show that inertia affects 
particle transport: aerosols accumulate along maximal FTLE ridges, and bubbles cluster inside vortex cores, where the clustering depends 
on the density ratio and the Stokes number. Inclusion of the Coriolis force further influences the dynamics via ejection of particles between 
cyclonic and anticyclonic structures, where the rate of aggregation onto these rotational attractors increases with the strength of rotation. We 
also study the validity of ignoring the Faxén correction and an often used assumption whereby the material derivative is set equal to the total 
derivative. The Faxén correction has a negligible effect for these flows, while the material derivative simplification changes the timescale on 
which inertial particles aggregate onto their attractors.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0323103

The transport of particles by oceanic and atmospheric flows is 
crucial in understanding various biological and physical phenom-
ena, such as air quality, marine ecosystems, spread of pollutants 
and other contaminants, and different mixing processes. This 
transport is governed by dynamic fluid-flow structures, which can 
be quantified by computing the Lagrangian coherent structures 
(LCSs). Typically, LCSs are identified using passive fluid trac-
ers, yet many physically and biologically relevant particles possess 
finite size and mass, and, therefore, these inertial particles do not 
follow the same trajectories as non-inertial passive tracers. In this 
work, we investigate the transport of inertial particles in geophys-
ical flows by using the Maxey–Riley (MR) equation to identify 
the corresponding inertial LCS. Using a variety of flow mod-
els and ocean velocity data, we explore how particle density and 
Stokes number influence inertial particle aggregation. We further 
examine the influence of common assumptions in the study of 
inertial particle dynamics and quantify their impact on material 
transport.

I. INTRODUCTION
The study of oceanic and atmospheric circulation is crucial for 

understanding a wide range of phenomena, such as weather and 
climate patterns,1,2 marine ecosystems,3 and the transport of con-
taminants.2,4–6 In particular, the atmospheric transport of particles 
(contaminants, dust, or other materials) is driven by atmospheric 
circulation patterns and can range from spanning a localized area 
to entire continents.6 A few notable examples include: (a) an intense 
dust-storm located over the Gobi desert on April 19, 1998, which 
crossed the Pacific Ocean in five days and settled along the moun-
tain ranges between the province of British Columbia in Canada and 
the state of California in the United States of America (USA),5,7 (b) 
during the 1970s and 1980s, lead isotopes originating from Europe 
were transported southward to Africa and then westward via trade 
winds to the island of Barbados in the Lesser Antilles,7 (c) hurricane 
Ivan transported soybean rust from South America to the Gulf coast 
of the USA,4 and (d) recently, in 2024, wildfire smoke originating in 
Western Canada traveled east, affecting air quality in eastern Canada 
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$\Phi _{t_{0}}^{t}$


\begin {equation}\label {d1} \Phi _{t_{0}}^{t}: r_{0} \mapsto r\left ( r_{0}, t_{0}, t\right )=r_{0}+\int _{t_{0}}^{t} u(r(\tau ), \tau )\, d \tau ,\end {equation}


\begin {equation}\label {d2} \sigma \left ( r_0, t_0+T, T\right )=\frac {1}{|T|} \ln {\sqrt {\lambda _{\max }(\Delta )},}\end {equation}


\begin {equation*}\Delta \left (r_0, t_0+T, T\right )=\left (\frac {d \phi _{t_0}^{t_0+T}(r_0)}{dr_0}\right )^* \left (\frac {d \phi _{t_0}^{t_0+T}(r_0)}{dr_0}\right )\end {equation*}


$\text {*}$


$\lambda _{\max }(\Delta )$


$\Delta $


\begin {align}m_p \dot {v}&= m_f \frac {D}{D t} u(r(t), t)-\frac {1}{2} m_f \frac {d}{d t}[v-u(r(t), t)-\frac {1}{10} a^{2} \nabla ^{2} u(r(t), t)]\nonumber \\ &\quad -6 \pi a \mu X(t)+\left ( m_{p}-m_{f}\right )g -6 \pi a^{2} \mu \int _{0}^{t} d \tau \frac {\frac {d X(\tau )}{d \tau }}{\sqrt {\pi v(t-\tau )}}, \label {d3}\end {align}


\begin {equation*}X(t)=v(t)-u(r(t), t)-\frac {1}{6} a^{2} \nabla ^{2} u,\end {equation*}


$\frac {d}{dt}$


$\nabla ^{2}= \frac {\partial ^2}{\partial x^2} + \frac {\partial ^2}{\partial y^2}$


$v(t)=\dot {r}(t)$
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\begin {equation}\label {d4} \frac {D u}{D t}=\frac {\partial u}{\partial t}+(u \cdot \nabla )u = \frac {\partial u}{\partial t} + u_x \frac {\partial u}{\partial x} + u_y \frac {\partial u}{\partial y},\end {equation}


\begin {equation}\label {d5} \frac {d u}{d t}=\frac {\partial u}{\partial t}+(v \cdot \nabla )u = \frac {\partial u}{\partial t} + \frac {\partial u}{\partial x}\frac {d x}{d t} + \frac {\partial u}{\partial y}\frac {dy}{dt}\end {equation}


$a^{2} \nabla ^{2} u$


\begin {align}m_p \dot {v}&= m_f \frac {D}{D t} u(r(t), t)-\frac {1}{2} m_f \frac {d}{d t}[v-u(r(t), t)-\frac {1}{10} a^{2} \nabla ^{2} u(r(t), t)]\nonumber \\ &\quad -6 \pi a \mu [v(t)-u(r(t), t)-\frac {1}{6} a^{2} \nabla ^{2} u]+\left ( m_{p}-m_{f}\right )g. \label {d6}\end {align}
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$r \to \hat r L$


$u \to \hat u U$


$t = \frac {L}{U} \hat t$


\begin {align}{\hat r}''(t)&= R \frac {D}{D \hat t} \hat u(r(\hat t), \hat t)+\frac {1}{2} R \frac {d}{d \hat t} \hat u(r(\hat t), \hat t)+ \frac {1}{{St}}[\hat u(r(\hat t), \hat t)-{\hat r}'(\hat t)]\nonumber \\ &\quad +Wn + \frac {1}{20}P^2R\frac {d(\hat \nabla ^2 \hat u)}{d \hat t} + \frac {1}{6}\frac {P^2}{St}\hat \nabla ^2 \hat u, \label {d7}\end {align}


\begin {align}\label {d8} {St}^{{-}1} &=\frac {6 \pi a \mu L}{\left ( m_{p}+\frac {1}{2} m_{f}\right )U}, \quad R=\frac {m_{f}}{m_{p}+\frac {1}{2} m_{f}},\notag \\ W &=\frac {m_{p}-m_{f}}{6 \pi a \mu U{St}} g, \quad \hbox {and} \quad P = \frac {a}{L},\end {align}
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\begin {align}{\hat r}''(t)&= R \frac {D}{D \hat t} \hat u(r(\hat t), \hat t)+\frac {1}{2} R \frac {d}{d \hat t} \hat u(r(\hat t), \hat t)+ \frac {1}{{St}}[\hat u(r(\hat t), \hat t)-{\hat r}'(\hat t)]\nonumber \\ &\quad + \frac {1}{20}P^2R\frac {d(\hat \nabla ^2 \hat u)}{d \hat t} + \frac {1}{6}\frac {P^2}{St}\hat \nabla ^2 \hat u. \label {d9}\end {align}


\begin {equation}\label {d10} {\hat r}''(t)= R \frac {D}{D \hat t} \hat u(r(\hat t), \hat t)+\frac {1}{2} R \frac {d}{d \hat t} \hat u(r(\hat t), \hat t)+ \frac {1}{{St}}[\hat u(r(\hat t), \hat t)-{\hat r}'(\hat t)].\end {equation}
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\begin {equation}\label {d11} {\hat r}''(t)= \frac {3}{2} R \frac {d}{d \hat t} \hat u(r(\hat t), \hat t)+ \frac {1}{{St}}[\hat u(r(\hat t), \hat t)-{\hat r}'(\hat t)].\end {equation}


\begin {equation}\label {d12} \psi (x, y, t)=A \sin (\pi f(x, t))\sin (\pi y),\end {equation}


\begin {equation}\label {d13} \begin {aligned} f(x, t)& =a(t)x^{2}+b(t)x, \\ a(t)& = \varepsilon \sin (\omega t), \\ b(t)& =1-2 \varepsilon \sin (\omega t), \end {aligned}\end {equation}
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\begin {equation}\label {d14} \begin {aligned} & \dot {x}={-}\frac {\partial \psi }{\partial y} ={-}\pi A \sin (\pi f(x, t))\cos (\pi y),\\ & \dot {y}=\frac {\partial \psi }{\partial x} = \pi A \cos (\pi f(x, t))\sin (\pi y)\frac {\partial f}{\partial x}. \end {aligned}\end {equation}
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$P=\frac {a}{L}$


\begin {equation}\label {d15} St = \frac {2}{9}\left ( \frac {a}{L}\right )^2Re \ll 1,\end {equation}
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\begin {align}\label {d16} \ddot {r}(t)&= \frac {3}{2}R \left ( \frac {D}{D t} u(r(t), t)+ \underline {2 \vec {\Omega } \times u(r(t), t))} \right )\notag \\ &\quad + \frac {1}{\hbox {St}}[u(r(t), t)-\dot {r}(t)]\underline {-2\vec {\Omega } \times \dot {r}(t)},\end {align}


$\vec {\Omega }$


$\varphi $


\begin {equation}\label {d17} \vec {\Omega } = (\Omega _x, \Omega _y,\Omega _z)= (0, \Omega \cos {\varphi }, \Omega \sin {\varphi }).\end {equation}


$\vec {\Omega }$


$\Omega = \frac {2 \pi }{24\,{\rm hrs}} \approx 7.29 \times 10^{-5}\,{\rm s}^{-1}$


\begin {equation}\label {d18} 2\vec {\Omega } \times \dot {r}(t)= 2 \Omega \cdot (0, \cos {\varphi }, \sin {\varphi })\times \vec {v}.\end {equation}


$\cos {\varphi }$


\begin {equation}\label {d19} 2 \Omega \sin {\varphi } = f.\end {equation}


\begin {equation}\label {d20} 2\vec {\Omega } \times \vec {v} = (0,0,f)\times (v_{x},v_{y},v_{z})= ({-}fv_y,fv_x,0),\end {equation}


\begin {equation}\label {d21} 2\vec {\Omega } \times \vec {u} = ({-}fu_y,fu_x,0).\end {equation}
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\begin {equation}\label {d22} \psi (x, y, t)=\psi _0(y)+\psi _1(x, y, t),\end {equation}


\begin {equation}\label {d23} \psi _0(y)={-}U L \tanh \left ( \frac {y}{L}\right )\end {equation}


\begin {equation}\label {d24} \psi _1(x, y, t)=U L \operatorname {sech}^2\left ( \frac {y}{L}\right )\operatorname {Re}\left [ \sum _{n=1}^3 f_n(t)\exp \left ( \hbox {i} k_n x\right )\right ],\end {equation}


$f_n(t) = \varepsilon _n \exp (-ik_nc_nt)$
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\begin {align}{\hat r}'' & = \frac {m_f \frac {U^2}{L}}{\left ( \frac {U^2}{L}(m_p + \frac {1}{2} m_f)\right )} \frac {D\hat u}{D\hat t } + \frac {m_f \frac {U^2}{L}}{\left ( \frac {U^2}{L}(m_p + \frac {1}{2} m_f)\right )} \frac {1}{2}\frac {d\hat u}{d\hat t }\nonumber \\ &\quad + \frac {6 \pi a \mu U}{\left ( \frac {U^2}{L}(m_p + \frac {1}{2} m_f)\right )}[\hat u - {\hat r}'] +\frac {(m_{p}-m_{f})}{\left ( \frac {U^2}{L}\left ( m_p + \frac {1}{2} m_f\right )\right )} g \nonumber \\ &\quad + \frac {\frac {1}{20}m_fa^2\frac {U^2}{L^3}\frac {d(\hat \nabla ^2 \hat u)}{d\hat t}}{\left ( \frac {U^2}{L}(m_p + \frac {1}{2} m_f)\right )} + \frac {\pi a \mu a^2\frac {U}{L^2}\hat \nabla ^2\hat u}{\left ( \frac {U^2}{L}\left ( m_p + \frac {1}{2} m_f\right )\right )}. \label {dA5}\end {align}


\begin {align}\label {dA6} {\hat r}'' &= \frac {m_f}{(m_p + \frac {1}{2} m_f)}\frac {D\hat u}{D\hat t } + \frac {m_f}{(m_p + \frac {1}{2} m_f)} \frac {1}{2}\frac {d\hat u}{d\hat t } +\frac {6 \pi a \mu L}{U(m_p + \frac {1}{2} m_f))}[\hat u - {\hat r}']\nonumber \\ &\quad +\frac {(m_{p}-m_{f})}{\left ( \frac {U^2}{L}(m_p + \frac {1}{2} m_f)\right )} g + \frac {1}{20}\frac {a^2}{L^2}\frac {m_f}{m_p + \frac {1}{2}m_f}\frac {d(\hat \nabla ^2 \hat u)}{d \hat t}\nonumber \\ &\quad + \frac {1}{6}\frac {a^2}{L^2}\frac {6 \pi a \mu L}{U(m_p + \frac {1}{2} m_f)}\hat \nabla ^2 \hat u.\end {align}


\begin {align}{\hat r}''(t)& = R \frac {D}{D \hat t} \hat u(r(\hat t), \hat t)+\frac {1}{2} R \frac {d}{d \hat t} \hat u(r(\hat t), \hat t)+ \frac {1}{{St}}[\hat u(r(\hat t), \hat t)-{\hat r}'(\hat t)]\nonumber \\ &\quad +Wn+ \frac {1}{20}P^2R\frac {d(\hat \nabla ^2 \hat u)}{d \hat t} + \frac {1}{6}\frac {P^2}{St}\hat \nabla ^2 \hat u, \label {dA7}\end {align}


\begin {align}\label {dA8} {St}^{{-}1} &=\frac {6 \pi a \mu L}{\left ( m_{p}+\frac {1}{2} m_{F}\right )U}, \quad R=\frac {m_{f}}{m_{p}+\frac {1}{2} m_{f}},\nonumber \\ & W =\frac {m_{p}-m_{f}}{6 \pi a \mu U{St}} g, \quad \hbox {and} \quad P = \frac {a}{L}.\end {align}
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and along the USA’s East Coast, before crossing the North Atlantic 
to western Europe.8

Similarly, ocean circulation plays a key role in material trans-
port, with two significant examples being the Gulf Stream transport 
and the Antarctic Circumpolar Current (ACC). Material transport 
across the Gulf Stream is critical for the North Atlantic climate, 
as it drives mixing processes that influence sea surface tempera-
ture and chlorophyll levels.9 Likewise, the ACC is the driving force 
for air–sea exchanges of heat, freshwater, and atmospheric trace 
gases, having a profound impact on global climate.10 Thus, the study 
of material transport in both atmospheric and oceanic flows is of 
immense research interest, with the goal of improving accurate 
forecasting and prediction in real-world scenarios, such as oil spill 
dispersion,11–13 oceanic rubbish transport,12,14,15 and the advection of 
airborne micro-organisms by atmospheric flows.1,4

While direct numerical simulation of the Navier–Stokes equa-
tions enables accurate prediction of material transport, identifying 
the underlying coherent structures within the flow is needed to 
interpret and understand the patterns of material transport. Specifi-
cally, Lagrangian coherent structures (LCSs) are of great importance 
since they can quantify material transport by providing a skeleton of 
fluid flow.11,12 The study of coherent structures has proven valuable 
across various fields. For example, LCSs in the ocean act as barri-
ers between recirculation zones within a bay and the open ocean. 
In Monterey Bay, LCSs have a dominant period of 8–9 days, which 
is critical for understanding long-term particle transport.16 Pollu-
tants released on one side of an LCS may recirculate within the 
bay, while those released on the other side can quickly escape to 
the open ocean. Another well-known example involves the use of 
LCS to understand the spread of oil during the aftermath of the 
Deepwater Horizon explosion.11–13 Beyond oceanography, the study 
of LCS has proven valuable in atmospheric science,17 engineering,18 
pollution reduction,18 population dynamics,19 vehicle loitering,2 path 
planning,20,21 and wave propagation.22

LCSs, which extend stable and unstable manifolds to time-
dependent systems, describe the most repelling, attracting, and 
shearing material surfaces in a flow field.11,23,24 This allows for a 
simpler understanding of flow topology, a more accurate compre-
hension of material transport, and the potential to predict large-scale 
flow patterns and mixing events.11 In two-dimensional (2D) flows, 
LCSs act as one-dimensional (1D) separating boundaries, and are 
analogous to ridges defined by local maximum instability, which can 
be quantified using finite-time Lyapunov exponents (FTLEs).11,25

Over the past few decades, numerous studies have explored 
LCSs to better understand their role in a variety of atmospheric 
and oceanic flows. In addition, unmanned aerial vehicles (UAVs), 
autonomous underwater vehicles (AUVs), and autonomous sur-
face vehicles (ASVs) have been employed to track LCSs and utilize 
this knowledge for a wide array of sensing tasks.1,2,4,25–27 The use 
of these unmanned sensors has enhanced our knowledge of ocean 
dynamics, thereby improving our understanding of ocean ecosys-
tems, weather patterns, and climate prediction. For example, UAVs 
are used to track coherent structures in the atmosphere, aiding the 
prediction of pathogen distribution patterns.4 Similarly, AUVs and 
ASVs track coherent structures in oceanic flows, providing valuable 
insights into various phenomena, such as temperature, salinity, and 
density measurements.2 These technologies have also contributed to 

the study of biological events like phytoplankton clustering and algal 
blooms.28

Importantly, the tracking and sensing strategies mentioned 
above have been derived using highly abstracted kinematic mod-
els that neglect the effects of shape and inertia due to the finite 
size and mass of the vehicle or sensor. Most existing techniques 
for extracting and analyzing coherent structures are limited to point 
particles that are neutrally buoyant. The standard LCS computation 
via FTLEs describes the transport of infinitesimal, massless objects. 
Since finite-size particles with mass do not follow the same trajec-
tories, one must instead compute inertial FTLEs (iFTLEs) to find 
inertial LCSs, which describe the transport of inertial particles.

The inertia of particles leads to clustering and dispersion, with 
fluid particles preferentially aggregating in regions of low vorticity.29 
For example, Beron-Vera et al.30 showed that the inertia of drifters 
plays a key role in its accumulation within the subtropical ocean 
gyres. Even microplastics exhibit inertial effects, as experimentally 
demonstrated by the dependence of particle settling velocities on 
both flow inertia and particle shape.31 Furthermore, studies on 
the movement of inertial prey particles in jellyfish-generated flows 
revealed that prey with inertia and escape forces exhibit smaller cap-
ture regions compared to infinitesimal prey, with those near the 
boundaries of the capture region being more likely to evade cap-
ture.32 Therefore, in this article, we will investigate the interplay 
between inertial effects and transport in a variety of geophysical 
flows. We will use the Maxey–Riley (MR) equation to generate 
velocity fields for inertial particles and show how the FTLEs and 
iFTLEs differ for each flow as a function of particle density ratio 
and Stokes number. We will also perform studies of how particles 
aggregate relative to the LCSs for different parameter values. Last, 
we undertake a study of the effect of several assumptions often made 
with regard to the MR equation.

The analysis is developed incrementally, starting with a bench-
mark flow, extending to different kinematic models, and finally 
applying the framework to real ocean data. We begin with the neces-
sary theoretical background in Sec. II, then analyze the double-gyre 
(DG) flow in Sec. III, which serves as a benchmark. We extend the 
analysis to two additional geophysical flow models, the Bickley jet in 
Sec. IV A, and the eddy-quadrupole flow in Sec. IV B. Last, we ana-
lyze ocean surface velocity data from Monterey Bay, California in 
Sec. V. Conclusions are discussed in Sec. VI.

II. THEORETICAL FRAMEWORK
A. Lagrangian coherent structures (LCSs)

As mentioned in the Introduction, LCSs are material lines 
that organize fluid-flow transport and may be viewed as the exten-
sions of stable and unstable manifolds to general time-dependent 
systems.23,24 LCSs can be studied by (a) identifying uniformly hyper-
bolic trajectories on a fixed portion of time and then growing their 
associated finite-time invariant manifolds, (b) constructing stable 
and unstable manifolds of fluid flows, or (c) deriving a measure 
of hyperbolic stretching and defining LCSs as the most hyper-
bolic structures.33 The third approach is the most commonly used 
approach to study LCSs in the literature. A commonly used quantity 
to measure hyperbolic stretching is the FTLE,17 which calculates the 
rate of separation between two nearby passive tracer particles over a 
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finite time period.22 The ridges of the FTLEs represent the material 
lines in the flow field that are the most kinematically active.34 Specif-
ically, LCSs explain the attracting, repelling, and shearing behavior 
of material lines over time and is a useful tool for describing complex 
flow dynamics.

To compute the finite-time Lyapunov exponent field, we con-
sider an arbitrary two-dimensional velocity field on a domain D and 
a time interval I = [t0, t0 + T]. Fixing the initial time, t0, and a desired 
finite time, T, a flow map advects a particle starting at time t0 from 
its initial position r0 to its corresponding position at the final time 
t0 + T. The flow map, Φt

t0
, is given as

Φ
t
t0

: r0 ↦→ r (r0, t0, t) = r0 +

∫︂ t

t0

u(r(τ ), τ) dτ , (1)

where u(r, t) is the fluid velocity field and r(t) is the particle 
trajectory.2 The FTLE is then given as

σ (r0, t0 + T, T) =
1

|T|
ln
√︁
λmax(Δ), (2)

where

Δ (r0, t0 + T, T) =

(︄
dφt0+T

t0 (r0)

dr0

)︄∗ (︄
dφt0+T

t0 (r0)

dr0

)︄
is the right Cauchy–Green deformation tensor, * denotes the adjoint, 
and λmax(Δ) is the associated maximum eigenvalue of Δ.

We compute FTLE values at every point in the domain to 
obtain the FTLE field for the flow for a chosen finite time. Areas 
in which nearby particles separate exponentially over time will have 
high FTLE values, while regions where nearby particles stay close 
together will yield low FTLE values. Ridges of high FTLE values will 
correspond to LCSs.2

B. Maxey–Riley equation
The dynamics of inertial particles are different to that of passive 

tracer particles in a fluid flow as the motion of inertial particles can 
depict behavior such as clustering and dispersion.35 As discussed in 
the Introduction, preferential aggregation of inertial particles can be 
seen in a range of phenomena in ocean and atmospheric transport. 
Our objective in this work is to explore the preferential aggregation 
of inertial particles and their corresponding iFTLE field in various 
flows for different values of Stokes number and density ratios.

To obtain the FTLE field for inertial particles (iFTLEs), we use 
the Maxey–Riley (MR) equation,36 given as

mpv̇ = mf
D

Dt
u(r(t), t)−

1

2
mf

d

dt
[v − u(r(t), t)−

1

10
a2

∇
2u(r(t), t)]

− 6πaµX(t)+
(︁
mp − mf

)︁
g − 6πa2µ

∫︂ t

0
dτ

dX(τ )
dτ

√
πv(t − τ)

,

(3)

with

X(t) = v(t)− u(r(t), t)−
1

6
a2

∇
2u,

and where the overdot denotes d
dt  and ∇2

=
∂2

∂x2 +
∂2

∂y2 .

Equation (3) is valid for two-dimensional (2D) or three-
dimensional (3D) flows, where r(t) denotes the position of a spheri-
cal particle at time t, v(t) = ṙ(t) is the corresponding velocity of the 
particle, mp is the mass of the inertial particle, mf is the mass of the 
fluid displaced by the particle, u(r(t), t) is the velocity of the fluid at 
the location r(t) and time t, µ is the viscosity of the underlying fluid, 
a is the radius of the particle, and g is the acceleration due to gravity. 
In Eq. (3), the derivative D u/D t is the material derivative, and d/d t 
is the usual total derivative. The material derivative, given by

Du

Dt
=
∂u

∂t
+ (u · ∇)u =

∂u

∂t
+ ux

∂u

∂x
+ uy

∂u

∂y
, (4)

is the hydrodynamical derivative taken along the path of a fluid 
element, whereas the total derivative

du

dt
=
∂u

∂t
+ (v · ∇)u =

∂u

∂t
+
∂u

∂x

dx

dt
+
∂u

∂y

dy

dt
(5)

is taken along the particle’s trajectory.37 The a2
∇

2u term is the Faxén 
correction term, and the integral term on the right-hand side of 
Eq. (3) is the Basset–Boussinesq history term. If the time scale for 
a particle to revisit a region it has visited earlier is large in compar-
ison to the viscous diffusion time scale, then the magnitude of the 
history force is much smaller than the magnitude of the Stokes drag. 
To leading order, the integral term scales out of the dominant bal-
ance .38 Removing the Basset–Boussinesq term from Eq. (3) leads to 
a simplified form of the Maxey–Riley equation, given as

mpv̇ = mf
D

Dt
u(r(t), t)−

1

2
mf

d

dt
[v − u(r(t), t)−

1

10
a2

∇
2u(r(t), t)]

− 6πaµ[v(t)− u(r(t), t)−
1

6
a2

∇
2u] +

(︁
mp − mf

)︁
g. (6)

We non-dimensionalize (details are provided in Appendix A) 
the MR equation given by Eq. (6) using the velocity scale, U, 
and the length scale, L, of the external flow. Introducing the non-
dimensional variables r̂, û, and t̂ so that r → r̂L, u → ûU, and 
t =

L
U t̂, one obtains the non-dimensional MR equation, including 

buoyancy and the Faxén correction, as

r̂′′(t) = R
D

Dt̂
û(r(t̂), t̂)+

1

2
R

d

dt̂
û(r(t̂), t̂)+

1

St
[û(r(t̂), t̂)− r̂′(t̂)]

+ Wn +
1

20
P2R

d(∇̂2û)

dt̂
+

1

6

P2

St
∇̂

2û, (7)

where

St−1
=

6πaµL(︁
mp +

1
2 mf

)︁
U

, R =
mf

mp +
1
2 mf

,

W =
mp − mf

6πaµUSt
g, and P =

a

L
, (8)

and where ̇r = Ur̂′, ̈r =
U2

L r̂′′, with ′ denoting d/dt̂. In Eq. (7), St is 
the Stokes number, defined as the ratio of the characteristic time of 
a particle to a characteristic time of the flow, R is the density ratio 
parameter, P is the ratio of the radius of particle size to the charac-
teristic length of the flow, and n is the unit vector pointing in the 
direction of gravity.39 If R = 2/3, the particles have the same den-
sity as that of the carrier fluid, and we refer to those particles as 
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neutrally buoyant. If R> 2/3, then the particles are lighter than the 
carrier fluid, and we refer to them as bubbles. Similarly, particles 
with R< 2/3 are denser than the carrier fluid, and we refer to them 
as aerosols.39

For the sake of simplicity, we ignore buoyancy effects, and the 
non-dimensional MR equation with Faxén correction has a final 
form given by

r̂′′(t) = R
D

Dt̂
û(r(t̂), t̂)+

1

2
R

d

dt̂
û(r(t̂), t̂)+

1

St
[û(r(t̂), t̂)− r̂′(t̂)]

+
1

20
P2R

d(∇̂2û)

dt̂
+

1

6

P2

St
∇̂

2û. (9)

If the Faxén correction term, used to justify nonuniform flow effects 
encountered by the inertial particle, is ignored, Eq. (9) simplifies to

r̂′′(t) = R
D

Dt̂
û(r(t̂), t̂)+

1

2
R

d

dt̂
û(r(t̂), t̂)+

1

St
[û(r(t̂), t̂)− r̂′(t̂)].

(10)
It is often assumed that for sufficiently small particles, the total 

derivative d/dt is equal to the material derivative D/Dt. In that case, 
Eq. (10) reduces further to

r̂′′(t) =
3

2
R

d

dt̂
û(r(t̂), t̂)+

1

St
[û(r(t̂), t̂)− r̂′(t̂)]. (11)

Equation (11) and similar forms of the MR equation are often used 
in the literature.37,39–42 In our work, we will consider Eqs. (9)–(11) to 
understand how the iFTLEs and particle aggregation are affected by 
the Faxén correction and the assumption that the material derivative 
equals the total derivative. In Secs. III C 1–III C 2, we present an 
analysis of the double-gyre flow to set a benchmark for comparison. 
We then extend the analysis to the Bickley jet and eddy-quadrupole 
flows and finally consider ocean surface velocity data from Monterey 
Bay, California. In all cases, we explore the preferential aggregation 
of inertial particles and their iFTLE fields.

III. DOUBLE-GYRE FLOW
The double-gyre (DG) flow is a simple and very well-studied 

fluid model consisting of two counter-rotating vortices where the 
separatrix between the gyres oscillates periodically to emulate wind 

forcing. The double-gyre flow is characterized by the stream func-
tion,2,33

ψ(x, y, t) = A sin(π f(x, t)) sin(πy), (12)

where
f(x, t) = a(t)x2

+ b(t)x,

a(t) = ε sin(ωt),

b(t) = 1 − 2ε sin(ωt),

(13)

and where ω2π  is the frequency of the separatrix oscillation, A is the 
approximate amplitude of the velocity vectors, and ε determines the 
amplitude of the left-right motion of the separatrix between the two 
gyres. When ε = 0, the flow becomes time-independent, and if ε ̸=

0, the gyres undergo a periodic expansion and contraction in the x 
direction.2

Taking derivatives of the streamfunction, the velocity field for 
the double-gyre model is found to be

ẋ = −
∂ψ

∂y
= −πA sin(π f(x, t)) cos(πy),

ẏ =
∂ψ

∂x
= πA cos(π f(x, t)) sin(πy)

∂f

∂x
.

(14)

Unless otherwise stated, the parameter values for the time-
dependent DG flow used throughout this work are A = 0.1, 
ω= 6π /10, and ε = 0.25.

A. Non-inertial FTLE field
The FTLE field is computed to identify the coherent structures 

associated with the double-gyre flow. We initialized 500 × 250 pas-
sive tracer particles uniformly on a rectangular [0, 2] × [0, 1] grid. 
Using a fourth-order Runge–Kutta method with a time integration 
step size of 0.01, we calculated the non-inertial particle trajectories 
by advecting the particles according to the velocity field given by 
Eq. (14). If a particle exits the flow field, the FTLE field is computed 
based on the particle’s position on the boundary. The FTLE fields 
are calculated using Eq. (2) and the method described in Sec. II A.

Figure 1 shows the FTLE field for the time-independent (ε = 0) 
and time-dependent case for finite times of T = 15. For the time-
independent case, one can see a ridge associated with maximal FTLE 
values, which forms a transport barrier between the two gyres. This 

FIG. 1. Forward-time FTLE field for (left) the time-independent, and (right) the time-dependent double-gyre flow at initial time t0 = 0 for T = 15. The parameter values used 
in the computation are A= 0.1, ω= 6π /10, and (left) ε = 0 and (right) ε = 0.25.
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ridge corresponds to the separatrix. Consideration of the FTLE field 
in Fig. 1 shows that the FTLE field remains constant in time, which 
clearly makes sense since, in the time-independent case, the velocity 
field is not changing in time. Finer structures will be illuminated as 
the finite integration time is increased.

However, for the time-dependent case, when the flow is chang-
ing in time, the FTLE field evolves in time (Fig. 1 shows a snapshot at 
initial time t0 = 0). Beyond their time-dependent nature, the LCSs, 
denoted by the ridges of maximal FTLE values, are much more com-
plicated than the time-independent LCSs, and they cannot be seen 
by simply observing the velocity field. As with the time-independent 
LCSs, an increase in the finite time of integration results in finer, 
higher density, LCSs.

B. Inertial FTLE (iFTLE) field
The iFTLE field is computed to identify the LCSs associated 

with the double-gyre flow. We initialized 500 × 250 inertial particles 
uniformly on a rectangular [0, 2] × [0, 1] grid. Using a fourth-order 
Runge–Kutta method with a time integration step size of 0.01, we 
calculated the inertial particle trajectories by advecting the particles 
using Eq. (11). As with non-inertial particles, if an inertial particle 
exits the flow field, the iFTLE field is computed based on the parti-
cle’s position on the boundary. The iFTLE fields are calculated using 
Eq. (2) and the method described in Sec. II A.

The forward-time iFTLE fields at T = 15 are shown in Fig. 2. 
For aerosols (R = 0), the iFTLE field looks similar to non-inertial 
particles up to St = 0.2. For St = 0.5, we see that there is a signifi-
cant difference in the iFTLE field, and the particles will cluster along 
a structure, which runs between the two gyres (details of the parti-
cle aggregation are provided in Sec. III C). For bubbles (R = 1), one 
can see low FTLE values in the center of the gyres. This is consis-
tent with particle aggregation inside each of the gyres as explored in
Sec. III C.

C. Preferential aggregation of particles
To understand the dynamics of inertial particles in a DG flow 

model, we explore the preferential aggregation of inertial particles 
and the iFTLE fields for various Stokes numbers and density ratios 
using Eq. (11). Figure 3 (Multimedia available online) compares 
the particle aggregation of aerosols, neutrally buoyant particles, and 
bubbles at time t = 15 after advecting the inertial particles using the 
MR equation given by Eq. (11) for varying Stokes number. We see 
that aerosols (R = 0) aggregate toward the maximal iFTLE ridges 
while bubbles (R = 1) are repelled from the maximal iFTLE ridges, 
forming clusters in the center of the gyres instead. Neutrally buoyant 
particles (R = 2/3) follow the underlying flow without preferential 
clustering. This behavior is consistent with the findings of Sud-
harsan et al.,39 who first studied particle aggregation in a double-gyre 
flow. In Secs. III C 1–III C 5, we examine the aerosol and bubble 
cases separately and study how their aggregation depends on the 
Stokes number.

1. Aerosol aggregation
We examine the preferential aggregation of aerosols (R = 0) for 

three choices of the Stokes number. Figure 4 shows the aerosol dis-
tribution at t = 15 for St = 0.1, St = 0.2, and St = 0.5. Across this 
range, aerosols aggregate along the maximal iFTLE ridges. As the 
Stokes number increases, the clustering becomes more pronounced 
as aerosols aggregate more rapidly toward the LCSs.

2. Bubble aggregation
We similarly examine the preferential aggregation of bubbles 

(R = 1) for the same three choices of the Stokes number. Figure 5 
shows the aggregation of bubbles at t = 15 for St = 0.1, St = 0.2, and 
St = 0.5. Unlike aerosols, bubbles are repelled from the maximal 
iFTLE ridges and instead cluster in the centers of the two gyres. Like 

FIG. 2. Forward-time iFTLE field at initial time t0 = 0 with T = 15 for (top) aerosols (R= 0), and (bottom) bubbles (R= 1), for Stokes numbers (left) St= 0.1, (middle) 
St= 0.2, and (right) St= 0.5.

Chaos 36, 093125 (2026); doi: 10.1063/5.0323103 36, 093125-5
Published under an exclusive license by AIP Publishing

 10 S
eptem

ber 2026 15:47:43



 Chaos ARTICLE   pubs.aip.org/aip/cha

FIG. 3. Preferential aggregation for inertial particles at t= 15 for (left) aerosols (R= 0, St= 0.5), (middle) neutrally buoyant (R= 2/3, St= 0.1), and (right) bubbles (R= 1, 
St= 0.5). Multimedia available online.

aerosols, as the Stokes number increases, bubbles aggregate more 
rapidly and tightly toward the center of the gyres.

To further illustrate the dynamics of inertial particles, we exam-
ined the particle aggregation on a density ratio spectrum for a fixed 
Stokes number. Figure 20 in Appendix B shows the particle aggre-
gation of aerosols, neutrally buoyant particles, and bubbles at time 
t = 15 after advecting the inertial particles using the MR equation 
given by Eq. (11) for St = 0.5. Starting with aerosols, the inertial 
particles are clustered tightly along the maximal iFTLE ridges. As 
R increases, particles gradually become less clustered and will be 
spread throughout the domain when they are neutrally buoyant 
(R = 2/3). As R increases further, particles will cluster in the center 
of the gyres.

Backward-time FTLEs can be used to identify the attracting 
LCSs and are, therefore, often used to identify structures where par-
ticle clustering occurs. However, in this work, we are dealing with 
two different classes of inertial particles, namely, heavy aerosols that 
accumulate on attracting structures and light bubbles that move 
away from the attracting structures into vortex cores. Because of 
the two-sided nature of the dynamics, we have used the forward-
time FTLE specifically because its ridges delineate the repelling 

structures, which act as the critical transport barriers that dynami-
cally separate the regions of phase space in which the different types 
of inertial particles are funneled into.

3. Faxén correction
As previously discussed in Sec. II B, the Faxén correction terms 

are typically ignored for small particle sizes. To study the effect of 
particle size in a double-gyre flow, we examine the iFTLE fields for 
aerosols and bubbles by including the Faxén correction terms in our 
computation. Initializing 500 × 250 inertial particles uniformly on 
our domain, and using a fourth-order Runge–Kutta method with 
a time integration step size of 0.01, the inertial particle trajectories 
are computed by integrating the MR equation given by Eq. (9) with 
non-dimensional particle size parameter given by P =

a
L .

The Maxey–Riley equation is valid for

St =
2

9

(︂ a

L

)︂2
Re ≪ 1, (15)

where Re denotes the Reynolds number of the underlying fluid flow. 
This condition does not require Re itself to be small. Instead, the 

FIG. 4. Preferential aggregation of aerosols (R= 0) at t= 15 for (left) St= 0.1, (middle) St= 0.2, and (right) St= 0.5 in a DG flow.
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FIG. 5. Preferential aggregation of bubbles (R= 1) at t= 15 for (left) St= 0.1, (middle) St= 0.2, and (right) St= 0.5 in a DG flow.

particle Reynolds number Rep, where the particle diameter is the 
characteristic length scale, and the slip velocity of the particle rel-
ative to the fluid velocity is the characteristic velocity scale, must be 
small.37,38 The small particle sizes and slip velocities used throughout 
this work keep Rep small even when the background flow has a high 
Reynolds number.

We have considered a wide range of P values ranging from 
P = 10−6 to P = 1. Figure 6 shows the forward-time iFTLEs for 
aerosols and bubbles for P = 1 and for two choices of Stokes num-
ber, which satisfy Eq. (15) for this choice of P. For aerosols (R = 0), 
the iFTLE fields look similar to the iFTLE fields found using the MR 
equation without the Faxén correction. With the inclusion of the 

FIG. 6. Forward-time iFTLE field computed with the MR equation including Faxén correction terms at the initial time t0 = 0 with T = 15 for (top) aerosols, and for (bottom) 
bubbles, for a Stokes number of (left) St= 0.1, and (right) St= 0.2, and with P= 1. The parameter values used in the computation are A= 0.1, ω= 6π /10, and ε = 0.25.

Faxén correction, particles will aggregate more slowly toward the 
LCS. For bubbles (R = 1), the iFTLE fields again look similar to the 
iFTLE fields found using the MR equation without the Faxén correc-
tion, with the exception that stronger FTLE ridges are seen around 
the boundary of the gyres. There is no significant difference in the 
coherent structures between the two choices of Stokes number. The 
results do not appreciably change for our range of P values from 
P = 10−6 to P = 1. Overall, the Faxén correction provides a negli-
gible contribution to the iFTLE structure for small particles in flows 
without high shear gradients. Thus, the simplified version of the MR 
equation without the Faxén correction terms is sufficient to capture 
the inertial particle dynamics across the DG flow.
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FIG. 7. Preferential aggregation for bubbles (R= 1) at t= 15 for the scenario where the total derivative is not assumed to be equal to the material derivative. The computations 
are performed for a Stokes number of (left) St= 0.1, (middle) St= 0.2, and (right) St= 0.5. The parameter values used in the computation are A= 0.1, ω= 6π /10, and 
ε = 0.25.

4. Material derivative vs total derivative
As mentioned previously, it is often assumed that for suf-

ficiently small particle size, the total derivative and the material 
derivative are the same. However, in general, it is not necessarily 
the case that the material derivative and total derivative are identi-
cal. Therefore, we have examined the preferential aggregation for 
inertial particles using Eq. (10), which does not assume the two 
derivatives are equal.

For aerosols with R = 0, the particle trajectory does not depend 
on the fluid acceleration as the first term on the right-hand side 
of Eq. (11) evaluates to 0. Thus, there will be no effect due to the 
difference between the total derivative and the material derivative. 
Figure 7 shows the particle aggregation of bubbles (R = 1) at t = 15 
when the total derivative and the material derivative are not assumed 
to be identical. One can notice that even though the preferential 
aggregation is similar in that the particles are accruing in the gyre 
centers, the aggregation is occurring more slowly when the two 
derivatives are not assumed to be equal. Overall, the assumption that 
the material derivative equals the total derivative preserves the quali-
tative attractor structure, changing only the timescale of aggregation 
of inertial particles onto their attractors.

5. Preferential aggregation of particles with the 
inclusion of Coriolis force

The Coriolis force is an inertial force that acts on objects that 
are moving within a rotating frame of reference, such as the Earth. 
To model the dynamics of inertial particles in actual geophysical 
flows, such as oceanic flows, we add a Coriolis force term into the 
Maxey–Riley equation to account for the effect of the Earth’s rota-
tion. We start with the simplest form of the Maxey–Riley equation 
given by Eq. (11) and add the Coriolis force as

r̈(t) =
3

2
R

(︃
D

Dt
u(r(t), t)+ 2Ω⃗× u(r(t), t))

)︃
+

1

St
[u(r(t), t)− ṙ(t)]−2Ω⃗× ṙ(t), (16)

where the underlined terms are the Coriolis force, and where Ω⃗, the 
rotation vector, is given at a latitude ϕ so that

Ω⃗ = (Ωx,Ωy,Ωz) = (0,Ω cosϕ,Ω sinϕ). (17)

In Eq. (17), the components of Ω⃗ are defined so that in the local 
coordinate system, the x-direction runs east-west, the y-direction 
runs north-south, and the z-direction is vertically perpendicular to 
the surface, and the scalar Ω =

2π
24 hrs ≈ 7.29 × 10−5 s−1 is the mag-

nitude of the Earth’s angular velocity vector. The Coriolis force has 
a form given by

2Ω⃗× ṙ(t) = 2Ω · (0, cosϕ, sinϕ)× v⃗. (18)

Usually, cosϕ is neglected as the vertical component is typically 
small compared to gravity, and one assumes that

2Ω sinϕ = f. (19)

The terms associated with the Coriolis force can now be written as

2Ω⃗× v⃗ = (0, 0, f)× (vx, vy, vz) = (−fvy, fvx, 0), (20)

and, using the same argument,

2Ω⃗× u⃗ = (−fuy, fux, 0). (21)

We note that while the Coriolis force is added to the MR 
equation, the underlying DG velocity field remains unchanged. This 
approach is physically consistent given that the DG flow, as well as 
the Bickley jet and eddy-quadrupole flow examined in Sec. IV, are 
strictly kinematic models that do not solve the Navier–Stokes equa-
tions. However, for flows that are solutions to the Navier–Stokes 
equations in a rotating frame, geostrophic balance, where the Corio-
lis force balances the pressure gradient, is the leading-order balance 
in the horizontal direction. Large-scale ocean circulations are usu-
ally modeled via the β-plane approximation and Sverdrup balance 
as described by quasi-geostrophic theory (e.g., Pedlosky43), and anal-
ogous rotational dynamics govern simpler setups like Kolmogorov 
flow. Since we utilize the kinematic flow models as a benchmark to 
isolate and study the effect of rotation on inertial particle dynam-
ics, we intentionally keep the base flow fixed. Crucially, however, for 
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the application of our framework to ocean data in Sec. V, the veloc-
ity field inherently captures all such dynamic rotational effects and 
physical balances.

To explore the preferential aggregation of inertial particles in 
a double-gyre flow with the inclusion of Coriolis force, we initial-
ized 500 × 250 inertial particles on a uniform grid, and the fluid 
particles were advected using the Maxey–Riley equation given by 
Eq. (16). As demonstrated numerically by Provenzale,44 the pres-
ence of the Coriolis force pushes heavy impurities out of cyclonic 
vortices and pushes them toward the center of anticyclonic vortices. 
Moreover, Beron-Vera et al.45 and Haller et al.46 showed theoreti-
cally that in a cyclonic rotationally coherent vortex [anticlockwise in 
the Northern Hemisphere (NH), clockwise in the Southern Hemi-
sphere (SH)], there exists a finite-time repeller for heavy particles 
and a finite-time attractor for light particles that stays close to the 
vortex center. By contrast, in an anticyclonic rotationally coherent 
vortex (clockwise in the NH, anticlockwise in the SH), there exists a 
finite-time attractor for heavy particles and a finite-time repeller for 
light particles that stays close to the vortex center.46 We have com-
putationally verified these theoretical statements for the double-gyre 
flow as described below. Since the Maxey–Riley equation is in non-
dimensional form, we must multiply the dimensional scalar Ω by 
a time scale so that the Coriolis force is also non-dimensional. We 
have chosen to use time scales of 5000 and 10 000 s for aerosols, and 
time scales of 8000 and 15 000 s for bubbles for two different Stokes 
numbers in order to highlight the behavior of heavy and light par-
ticles in a rotationally coherent vortex. We note that the timescales 
used here to make the Coriolis force non-dimensional are indepen-
dent of the non-dimensionalization described in Appendix A, which 
uses the flow’s intrinsic scales U and L. Since Earth’s angular velocity 
Ω is fixed, varying the timescale T is equivalent to varying the effec-
tive Rossby number Ro =

U
fL  of the system. The choice of T, thus, 

determines the ratio of inertial forces to Coriolis force, which allows 
us to explore the strength of rotation in the aggregation of inertial 
particles.

Figure 8 shows that in the NH (cyclonic rotational frame), the 
heavy, aerosol particles are pushed out of the right cyclonic gyre 
toward the center of the left anti-cyclonic gyre, and in the SH (anti-
cyclonic rotational frame), the heavy, aerosol particles are pushed 
out of the left anti-cyclonic gyre toward the center of the right 
cyclonic gyre. The figure also shows that the fluid particles aggre-
gate more rapidly as the strength of rotation increases and for a 
higher Stokes number. Similarly, the light bubbles are pushed out 
of the left anti-cyclonic gyre toward the center of the right cyclonic 
gyre in the NH (cyclonic rotational frame), while the light bubbles 
are pushed out of the right cyclonic gyre toward the center of the 
left anti-cyclonic gyre in the SH (anti-cyclonic rotational frame). 
Similar to aerosols, the fluid particles aggregate more rapidly as the 
strength of rotation increases and higher Stokes number. Figure 21 
in Appendix B shows the preferential aggregation of aerosols and 
bubbles in a DG flow with the inclusion of the Coriolis force at 
additional values of the strength of rotation.

Overall, our results show that with the inclusion of the Corio-
lis force, aerosols are expelled from cyclonic gyres into anticyclonic 
gyres, and bubbles are expelled from anticyclonic gyres into cyclonic 
gyres in the cyclonic rotational frame. The behavior of both aerosols 
and bubbles is reversed in the anticyclonic rotational frame. The 

rate of aggregation of inertial particles onto these attractors increases 
with the strength of rotation.

IV. EXTENSION TO OTHER GEOPHYSICAL FLOWS
Building on the double-gyre benchmark, we now present the 

dynamics of inertial and non-inertial particles in two additional 
kinematic models: the Bickley jet, which represents a zonal jet 
flanked by counter-rotating vortices, and the eddy-quadrupole flow, 
which represents a multi-eddy configuration of the kind found in 
eddy-rich ocean regions.

A. Bickley jet
We now consider another type of geophysical fluid-flow model, 

namely, a zonal flow. A zonal flow is a natural, large-scale flow 
that follows latitudinal lines and occurs in both the ocean and the 
atmosphere.47 Some examples of zonal flows are the Gulf Stream, 
the polar night jet above Antarctica,47 and the East-West winds of 
Jupiter, Saturn, and Neptune.48 Specifically, we consider the Bickley 
jet, which is an idealized model used to study the eastward zonal 
jet that is flanked by counter-rotating vortices. The Bickley jet is 
modeled by a time-dependent Hamiltonian, which is comprised 
of a steady background flow superimposed with a time-dependent 
perturbation.17,49

The stream function is modeled as

ψ(x, y, t) = ψ0(y)+ ψ1(x, y, t), (22)

with

ψ0(y) = −UL tanh
(︂ y

L

)︂
(23)

and

ψ1(x, y, t) = UL sech2
(︂ y

L

)︂
Re

[︄
3∑︂

n=1

fn(t) exp
(︁
iknx

)︁]︄
, (24)

where fn(t) = εn exp(−ikncnt) and Re denotes the real part. The 
steady background flow is given by ψ0(y), and ψ1(x, y, t) is the time-
dependent perturbation. It is often convenient to expand ψ1(x, y, t) 
as

ψ1(x, y, t) = UL sech2
(︂ y

L

)︂
(ε1 cos(k1(x − c1t))+ ε2 cos(k2(x − c2t))

+ ε3 cos(k3(x − c3t))). (25)

The velocity field for the Bickley jet model is computed as 
.
x = −

∂ψ

∂y  and .
y =

∂ψ

∂x . In Eqs. (22)–(24), U and L are the charac-
teristic velocity scale and the characteristic length scale, respectively, 
and kn, cn, and εn represent the wave number, speed, and ampli-
tude, respectively, of the traveling Rossby waves. In our analysis, 
we use the parameter values U = 5.413 824 Mm day−1, L = 1.77 Mm, 
kn = 2n/r0, where r0 = 6.371 Mm is the mean radius of the 
earth, ε1 = 0.075, ε2 = 0.4, ε3 = 0.3, c3 = 0.461U, c2 = 0.205U, and
c1 = c3 + (

√
5 − 1)(k2/k1)(c2 − c3).17,49,50 The parameter values are 

chosen to model how the stratospheric polar night jet stops the 
movement of ozone depleted air during the Southern hemisphere’s 
late winter and early spring.49
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FIG. 8. Preferential aggregation of aerosols 
(R= 0, rows 1 and 3) and bubbles (R= 1, rows 
2 and 4) at t= 15 in a double-gyre flow includ-
ing the Coriolis force at mid-latitudes (ϕ=π /4) 
in the Northern Hemisphere and (ϕ= −π /4) 
in the Southern Hemisphere for a timescale of 
10 000 s for aerosols and 15 000 s for bubbles 
with Stokes number (left) St= 0.2 and (right) 
St= 0.5.
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FIG. 9. Forward-time FTLE field for non-inertial particles in a Bickley jet flow at initial time t0 = 0 for T = 10.

1. FTLE field
The FTLE field is computed to find the coherent structures 

associated with the Bickley jet flow field. We initialized 300 × 300 
passive tracer particles uniformly on a [0, 20] × [ − 3, 3] grid, and 
the velocity field [ .

x,
.
y]

T
, where T denotes the transpose, was obtained 

by computing derivatives of the stream function using central finite 
differences. Using a fourth-order Runge–Kutta method with a time 
integration step size of 0.01, we calculated the non-inertial particle 
trajectories by advecting the particles according to the velocity field. 
Since the particles inside the strong eastward zonal jet are quickly 
advected out of the domain, we implemented periodic boundary 
conditions in the x direction. Thus, particles that leave the domain 
on the right-hand side of the jet, re-enter the jet on the left-hand 
side. The FTLE fields are calculated using Eq. (2) and the method 
described in Sec. II A.

Figure 9 shows the forward-time FTLE field for the Bickley 
jet at T = 10. The coherent structures seen in the figure highlight 
the strong eastward zonal jet, as discussed previously. Fluid parti-
cles inside the jet are swept away by the jet, while particles outside 
the jet can become trapped inside the vortices. Thus, the LCSs, 
highlighted by yellow ridges of maximal FTLEs, demarcates the sep-
aration between the jet core and the vortices. The jet core, therefore, 
acts as a particle transport barrier.17 Fluid particles within the jet core 
stay together in the core, which leads to lower FTLE values within 
the core.

2. iFTLE field
To study the dynamics of inertial particles in a Bickley jet, we 

explore the iFTLE field computed for varying Stokes numbers and 
density ratios. As in the non-inertial case, 300 × 300 inertial particles 
are initialized uniformly on a [0, 20] × [−3, 3] grid. Using a fourth-
order Runge–Kutta method with a time integration step size of 0.01, 
the inertial particle trajectories are computed by integrating the MR 
equation given by Eq. (11).

Figure 10 shows the iFTLE fields for three Stokes numbers and 
for aerosols (R = 0) and bubbles (R = 1) at time T = 10. In the case 
of aerosols, one can see the maximal iFTLE ridges inside the vor-
tices with low iFTLE ridges inside the jet core. As the Stokes number 

increases, the density of the iFTLE ridges increases inside the vor-
tices. For bubbles, the band of maximal iFTLE ridges around the jet 
core with strongly preserved vortices acts as a particle transport bar-
rier. As the Stokes number increases, the density of maximal iFTLE 
ridges in the jet core gradually decreases, whereas the ridges inside 
the vortices become slightly more pronounced.

3. Preferential aggregation
To explore the aggregation of non-inertial and inertial particles 

in a Bickley jet, we consider 300 × 300 particles initialized uniformly 
on a [0, 20] × [ − 3, 3] grid. Using a fourth-order Runge–Kutta 
method with a time integration step size of 0.01, the inertial parti-
cle trajectories are computed by integrating the MR equation given 
by Eq. (11). Figure 11 shows the preferential aggregation of aerosols 
(R = 0), neutrally buoyant particles (R = 2/3), and bubbles (R = 1) 
at t = 10 for St = 0.2. For aerosols, particles aggregate in the strong 
jet core while spreading more broadly around the vortex regions, 
making the vortices appear visually enlarged. For neutrally buoyant 
particles, the aggregation of particles, as expected, follows the under-
lying flow where particles spread throughout the domain in the 
strong jet core and counter-rotating vortices. In the limit as St → 0, 
inertial neutrally buoyant particles will behave as non-inertial par-
ticles. In contrast, for bubbles, there is not a strong aggregation 
of particles in the jet core. Rather, there is more of a blending of 
the vortices with the core, forming a spiral-like structure. For both 
aerosols and bubbles, no appreciable differences are seen at lower 
Stokes numbers. At higher Stokes numbers (St = 0.5), the spiral 
structure of bubble aggregation becomes more pronounced, and 
aerosol aggregation in the jet core takes on a more complicated 
structure consistent with the more complicated iFTLE field shown 
in Fig. 10 for St = 0.5. The corresponding preferential aggregation 
results for St = 0.5 are shown in Fig. 22 in Appendix C.

4. Coriolis effect
To explore the preferential aggregation of inertial particles with 

the inclusion of the Coriolis force in the Bickley jet, we initial-
ized 300 × 300 inertial particles on a [0, 20] × [−3, 3] grid. Using a 
fourth-order Runge–Kutta method with a time integration step size 
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FIG. 10. Forward-time iFTLE field for inertial particles in a Bickley jet computed at initial time t0 = 0 with T = 10 for (left column) aerosols (R= 0) and (right column) bubbles 
(R= 1), for Stokes numbers (top panel) St= 0.1, (middle panel) St= 0.2, and (bottom panel) St= 0.5.

of 0.01, the inertial particle trajectories are computed by integrating 
the MR equation given by Eq. (16).

Figure 12 shows the preferential aggregation of aerosols (R = 0) 
and bubbles (R = 1) at t = 10 in both hemispheres for a repre-
sentative Coriolis non-dimensionalization timescale of 20 000 s and 
Stokes number St = 0.1. Although the Bickley jet parameters are 
tuned for the Southern Hemisphere, we show both hemispheres 
to demonstrate the expected hemispheric reversal. In the Southern 
Hemisphere, where cyclonic vortices rotate clockwise and anticy-
clonic vortices rotate counterclockwise, aerosols are expelled out of 
the vortices and jet core and aggregate along the upper flank of the 
separatrices bounding the vortex cores and the meandering jet, while 
bubbles form spiral-like structures and aggregate within the vor-
tices along the lower boundary. In the Northern Hemisphere, where 
cyclonic vortices rotate counterclockwise and anticyclonic vortices 
rotate clockwise, the behavior is reversed: aerosols aggregate along 
the lower boundary and bubbles aggregate along the upper bound-
ary. This result is consistent with the theory for heavy and light 
particles as explained in Sec. III C 5. The corresponding preferen-
tial aggregation results for Stokes numbers St = 0.1, St = 0.2, St = 0.5 
and Coriolis timescales 10 000 and 20 000 s for both hemispheres 
are shown in Figs. 23 and 24 in Appendix C, where one can see 
that aerosols are increasingly swept to the boundary at higher Stokes 
numbers and aggregation toward the inertial attractors strengthens 
as the strength of rotation increases.

B. Eddy-quadrupole flow

Eddies are localized rotating structures in a fluid flow and are 
commonly seen in chaotic and turbulent flow regimes. Eddies are 
seen in both the ocean and the atmosphere, and play a key role in 
ocean circulation and regulating air–sea exchanges.51 For instance, 
the Kuroshio extension, a western boundary current of the North 
Pacific Subtropical Gyre, which flows northeastward along Japan’s 
Pacific coast before entering the North Pacific as a free jet, is char-
acterized by strong mesoscale and submesoscale eddy activity.52 The 
Southern Ocean is one of the most eddy-rich regions; eddies in this 
region are crucial in regulating the response of key current sys-
tems, such as the Antarctic Circumpolar Current, which control the 
exchange of nutrients, heat, and salt between ocean basins and sig-
nificantly impact the carbon cycle and deep ocean heat content.53 
There is a positive correlation between sea surface temperature 
anomalies from cyclonic and anticyclonic eddies and changes in 
near-surface wind speed, cloud cover, cloud water content, rainfall 
rate, and likelihood of rain throughout the Southern Ocean.54

We now consider the eddy-quadrupole flow,55 a simple ana-
lytic model that captures key features of eddy-rich ocean regions 
as discussed above. This eddy-quadrupole flow model is an incom-
pressible flow in which a carefully chosen time dependence induces 
a symmetric transition of the flow from a four-eddy configura-
tion to an eight-eddy configuration.55 The streamfunction of the 
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FIG. 11. Preferential aggregation of inertial particles in a Bickley jet at t= 10 with St= 0.2 for (top) aerosols (R= 0), (middle) neutrally buoyant particles (R= 2/3), and 
(bottom) bubbles (R= 1).

eddy-quadrupole flow is given as

ψ(x, y, t) =
(︁
xy
(︁
σ(t)− x2

)︁
− αxy3

+ βxy5
)︁

e−

(︂
x4

+y4
)︂
/δ4 , (26)

where the time dependence is

σ(t) = 2 (arctan(10t)+ π/2 − 1) , (27)

and α, β , and δ are constant parameters. The velocity field for 
the eddy-quadrupole flow is obtained by differentiating the stream 
function so that ̇x =

∂ψ

∂y , ̇y = −
∂ψ

∂x .

1. FTLE field
The FTLE field is computed to identify the coherent 

structures associated with the eddy-quadrupole flow. We ini-
tialized 1000 × 1000 passive tracer particles uniformly on a

[−3, 3] × [−5, 5] grid, and the velocity field was obtained by com-
puting derivatives of the stream function using central finite dif-
ferences. Using a fourth-order Runge–Kutta method with a time 
integration step size of 0.01, we calculated the non-inertial parti-
cle trajectories by advecting the particles according to the velocity 
field. If a particle exits the flow field, the FTLE field is computed 
based on the particle’s position on the boundary. The FTLE fields 
are computed using Eq. (2) and the procedure described in Sec. II A.

Figure 13 shows the backward-time FTLE field for the eddy-
quadrupole flow. In a backward-time FTLE field, the maximal FTLE 
ridges represent attracting LCSs. These structures act as barriers 
that attract nearby particles as one looks backward in time. As 
seen in Fig. 13, and consistent with Ref. 55, there are maximal 
FTLE ridges surrounding the four eddies with a clear demarca-
tion of the four eddies. One can also see FTLE ridges outside of 
the four eddies. These attracting structures help to identify regions 
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FIG. 12. Preferential aggregation of inertial particles at t= 10 in a Bickley jet including the Coriolis force at latitude |ϕ| =π /3 in the Northern and Southern Hemispheres 
for a timescale of 20 000 s at St= 0.1. Top two panels show (top) aerosols (R= 0) and (bottom) bubbles (R= 1) in the Northern Hemisphere; bottom two panels show the 
same for the Southern Hemisphere.
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FIG. 13. Backward-time FTLE field 
for non-inertial particles in an eddy-
quadrupole flow at (left) initial time t0 = 3 
for T = −3, and (right) at initial time 
t0 = 10 for T = −10. Parameter values 
are α= 1/3, β = 0.008/5, and δ= 5.

within a flow field where particles are bound by coherent vortices or 
trapped within the quadrupole. The eddies themselves act as particle 
transport barriers within the flow.

2. iFTLE field
To analyze the dynamics of inertial particles in the eddy-

quadrupole flow, we computed the iFTLE field for varying Stokes 

numbers and density ratios as in the DG flow and Bickley jet. 
Because the stream function includes an exponential decay term, 
e−(x4

+y4)/δ4 , the flow velocities become negligible for |x|, |y|> 9. We, 
therefore, use a computational grid over the domain [−9, 9] × [−9, 
9], which effectively captures the entire flow field. We initialized 
1000 × 1000 inertial particles uniformly over this domain and com-
puted their trajectories using a fourth-order Runge–Kutta method 
with a time integration step size of 0.01, by integrating the MR 

FIG. 14. Backward-time iFTLE field at initial time t0 = 5 with T = −5 for (top) aerosols and (bottom) bubbles for a Stokes number of (left) St= 0.1, (middle) St= 0.2, and 
(right) St= 0.5 for the entire eddy-quadrupole flow field. Parameter values are α= 1/3, β = 0.008/5, and δ= 5.
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FIG. 15. Preferential aggregation of inertial particles in the eddy-quadrupole flow at t= 5 with t0 = 0 for (top) aerosols (R= 0), and (bottom) bubbles (R= 1) for Stokes 
numbers of (left) St= 0.1, (middle) St= 0.2, and (right) St= 0.5.

FIG. 16. Preferential aggregation of (left) aerosols (R= 0) 
and (right) bubbles (R= 1) at t= 5 with t0 = 0 in an eddy-
quadrupole flow including the Coriolis force at mid-latitudes 
(ϕ=π /4) in the Northern Hemisphere and (ϕ= −π /4) in 
the Southern Hemisphere for a timescale of 20 000 s at 
St= 0.2.
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FIG. 17. Forward-time FTLE field at the initial 
time for the T = 96 h time period spanning May 1, 
2020 to May 5, 2020 for the Monterey Bay region. 
Multimedia available online.

equation given by Eq. (11). As with non-inertial particles, if a particle 
exits the flow field, the iFTLE field is computed based on the parti-
cle’s position on the boundary. The resulting iFTLE field is shown 
in Fig. 14, where one can clearly see the symmetric transition from 
a four-eddy to an eight-eddy configuration. The iFTLE fields on the 
smaller, [−3, 3] × [−5, 5] computational domain for varying Stokes 
numbers and density ratios are shown in Fig. 25 in Appendix D.

Figure 14 shows that the circular maximal FTLE ridges sur-
rounding the eddies get stretched for aerosols in the iFTLE field, 
with the elongation becoming more discernible as the Stokes num-
ber increases. The iFTLE ridges also highlight regions where par-
ticles are no longer confined to eddies. In the case of bubbles, one 
can still see circular iFTLE ridges surrounding the eddies. Different 
from aerosols, bubbles are trapped inside the eddies, as was the case 
for non-inertial particles. However, as the Stokes number increases, 
one sees a much more complex set of iFTLE ridges outside of the 
four eddies. Hence, bubbles in these flow regions are no longer con-
strained by the eddies. Instead, they are dispersed throughout the 
flow, largely escaping the rotational trapping effects of the vortices. 
Similarly, one can clearly see the symmetric transition from four 
eddies to eight eddies.

3. Preferential aggregation
To explore the aggregation of inertial particles in the eddy-

quadrupole flow, we consider 1000 × 1000 particles initialized 
uniformly on a [−9, 9] × [−9, 9] grid. Using a fourth-order 
Runge–Kutta method with a time integration step size of 0.01, the 
inertial particle trajectories are computed by integrating the MR 
equation given by Eq. (11). Figure 15 shows the preferential aggre-
gation at t = 5 with t0 = 0 for bubbles and aerosols for varying 
Stokes numbers. At low Stokes number, aerosol particles aggregate 

in loop-like curves around each of the four eddies. As the Stokes 
number increases, aerosols coalesce into a more intricate filamen-
tary pattern, which suggests that aerosols tend to be pushed out of 
the eddy cores. Bubble particles, however, remain largely trapped 
within the eddies instead of being ejected. At low Stokes number, 
they form four circular clusters within each eddy core; as the Stokes 
number increases, more pronounced clusters appear, highlighting 
the eight-eddy configuration.

The thin filamentary structures in the particle aggregation of 
aerosols correspond to the ridges in the iFTLE plots in Fig. 14. Parti-
cles seeded anywhere in the domain are eventually pulled into these 
ridges. The iFTLE fields for aerosols show stronger ridges outside 
the eddy cores, which is consistent with the particle aggregation, 
where heavy particles cluster away from the eddy cores. Similarly, 
the aggregation of bubbles also aligns with the iFTLE ridges in 
Fig. 14, as the maximal iFTLE ridge encloses the eddies. As the lower 
iFTLE values are found inside the eddy cores, the bubbles remain 
trapped within or near these eddy cores, rather than being ejected as 
in aerosols.

4. Coriolis effect
To explore the preferential aggregation of inertial particles with 

the inclusion of Coriolis force in an eddy-quadrupole flow, we 
initialized 500 × 500 inertial particles on a uniform grid. Using a 
fourth-order Runge–Kutta method with a time integration step size 
of 0.01, the inertial particle trajectories are computed by integrat-
ing the MR equation given by Eq. (16). The parameter values for the 
eddy-quadrupole flow used in this computation are given as α= 1/3, 
β = 0.008/5, and δ= 5.

Figure 16 shows the preferential aggregation at t = 5 with 
t0 = 0 for aerosols (R = 0) and bubbles (R = 1) at mid-latitudes for 
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FIG. 18. Forward-time iFTLE field at the initial time for (top) aerosols, (middle) neutrally buoyant particles, and (bottom) bubbles with Stokes numbers (left column) St= 0.1, 
(middle column) St= 0.2, and (right column) St= 0.5 for the T = 48 h time period spanning May 1, 2020 to May 3, 2020 for the Monterey Bay region.

a representative timescale of 20 000 s and Stokes number St = 0.2. 
In the Northern Hemisphere, aerosols are expelled from the top-
left and bottom-right cyclonic (counterclockwise in the Northern 
Hemisphere) eddies and aggregate along the boundaries of the 
top-right and bottom-left anticyclonic (clockwise in the North-
ern Hemisphere) eddies, while bubbles do the opposite, being 
expelled from anticyclonic eddies and clustering in the centers of 
cyclonic eddies. In the Southern Hemisphere, where cyclonic eddies 

rotate clockwise and anticyclonic eddies rotate counterclockwise, 
the behavior is reversed for both particle types: aerosols are expelled 
from cyclonic eddies and aggregate along the boundaries of anticy-
clonic eddies, while bubbles are expelled from cyclonic eddies and 
aggregate in the centers of anticyclonic eddies. This result is con-
sistent with the theory for heavy and light particles as explained 
in Sec. III C 5. Preferential aggregation results for Stokes numbers 
St = 0.2 and St = 0.5 and Coriolis timescales 10 000 and 20 000 s for 
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FIG. 19. Preferential aggregation of (top) aerosols, (middle) neutrally buoyant particles, and (bottom) bubbles with Stokes numbers (left column) St= 0.1, (middle column) 
St= 0.2, and (right column) St= 0.5 in Monterey Bay at t= 96 h for the time period spanning May 1, 2020 to May 5, 2020. Multimedia available online.

both hemispheres are shown in Figs. 26 and 27 in Appendix E. 
One can see that filamentary mixing structures between same-
rotation eddies emerge at higher Stokes number, and aggregation 
toward the inertial attractors strengthens as the strength of rotation
increases.

V. APPLICATION: MONTEREY BAY OCEAN DATA
As an application of our framework, we utilized ocean surface 

velocity data from the Monterey Bay region in California, United 

States of America. The data, provided by the High-Frequency Radar 
Network (HFRNet) under the Coastal Observing Research and 
Development Center (CORDC) at the University of California, San 
Diego (UCSD),56 consist of 2 km resolution hourly velocity fields. 
Exploration of the FTLE and iFTLE fields can help identify coher-
ent structures, which play a major role in the transport of nutrients 
and pollutants. By improving our understanding of the dynamics 
of the bay, we will be better prepared to manage the local marine 
ecosystem and human activities, including fishing and pollution
management.
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A. FTLE field
To perform the computations, we first define the Monterey Bay 

region based on latitude and longitude. Our choice of latitude ranges 
from 36.507 04◦ N to 36.9925◦ N, which captures the area from the 
northern part of Monterey Bay to the southern coastline. Our choice 
of longitude ranges from −122.301 96◦ W to −121.698 13◦ W, which 
includes the open ocean off the coast of Monterey Bay, as well as por-
tions of the coastal region. To compute the non-inertial FTLE field, 
we initialized 300 × 280 passive tracer particles uniformly through-
out the domain. Using a fourth-order Runge–Kutta method with a 
time integration step size of 0.01, we calculated the non-inertial par-
ticle trajectories by advecting the particles according to the ocean 
surface velocity field data. We use bilinear interpolation to evaluate 
the velocity field between grid points, while the velocity field is held 
constant within each hourly snapshot during the Runge–Kutta inte-
gration. If a particle exits the flow field, the FTLE field is computed 
based on the particle’s position on the boundary. The FTLE fields 
are calculated using Eq. (2) and the method described in Sec. II A.

The domain includes the mouth of Monterey Bay, where signif-
icant exchange of water between the bay and the open ocean often 
occurs. However, as seen in Fig. 17 (Multimedia available online), 
sometimes there occurs a strong LCS, which serves as a transport 
barrier between Monterey Bay and the open ocean.

B. iFTLE field
To calculate the iFTLE field for the Monterey Bay region, we 

initialize 300 × 280 inertial particles uniformly over the domain as 
described in Sec. V A. Using a fourth-order Runge–Kutta method 
with a time integration step size of 0.01, the inertial particle trajecto-
ries are computed by integrating the MR equation given by Eq. (16). 
If a particle exits the flow field, the iFTLE field is computed based on 
the particle’s position on the boundary.

Figure 18 shows the iFTLE field for aerosols, neutrally buoy-
ant particles, and bubbles in the Monterey Bay region. One can see 
for aerosols, as for non-inertial particles in Fig. 17, a strong iFTLE 
ridge across the mouth of the bay. As the Stokes number increases, 
the iFTLE field becomes a bit more complicated, with LCS start-
ing to radiate into the open ocean. Neutrally buoyant particles, as 

expected, have an iFTLE field which closely resembles the non-
inertial FTLE field. As the Stokes number increases, the iFTLE field 
is more complicated, especially in the open ocean. In the bay itself, 
the LCSs governing the transport of neutrally buoyant particles are 
relatively consistent across different Stokes numbers. While more 
complicated, the iFTLE field for bubbles at low Stokes number has 
a similar structure to that of non-inertial particles (Fig. 17). How-
ever, as the Stokes number increases, the iFTLE ridges proliferate 
throughout the bay and ocean with much more complex structures.

C. Preferential aggregation of inertial particles
Figure 19 (Multimedia available online) shows the long-time 

distribution of aerosols, neutrally buoyant particles, and bubbles in 
Monterey Bay after t = 96 h. One can see that aerosols cluster in 
narrow bands rather than dispersing uniformly across the bay, mir-
roring the strongest iFTLE ridges in Fig. 18 and indicating that these 
ridges act as barriers. Neutrally buoyant particles still follow much 
of the ocean’s circulation, so their aggregation structures resemble 
the non-inertial FTLE patterns shown in Fig. 17. Bubbles at low 
Stokes numbers aggregate in a narrow zone similar to aerosols, but 
they form distinct filaments in the interior of the bay at higher 
Stokes numbers. As the Stokes number increases, these aggregations 
become more filamentary, mirroring the complex web structure 
seen in the iFTLE fields (Fig. 18).

VI. CONCLUSIONS AND FUTURE WORK
To improve our understanding of material transport in oceanic 

and atmospheric flows, we have undertaken a study of the dynamics 
of non-inertial and inertial particles in several types of geophys-
ical flows. For the DG, Bickley jet, and eddy-quadrupole model 
flows, and for real oceanic data from Monterey Bay, the underly-
ing structures of the flow fields were examined via their associated 
Lagrangian coherent structures, which were found by computing the 
FTLE field. For inertial particles with finite size and mass, various 
forms of the Maxey–Riley equation were used to describe the parti-
cles’ motion and to find the iFTLE field. We compared the behavior 
and FTLE fields of massless non-inertial particles and light (bubbles) 
and heavy (aerosols) inertial particles, and we explored the pref-
erential aggregation of inertial particles in these flows. Our results 

TABLE I. Summary of key findings for the double-gyre flow (Sec. III).

 Effect/Parameter  Finding

 Non-inertial particles  Follow LCSs
 Aerosols  Aggregate along the maximal LCS between the gyres
 Neutrally buoyant  Uniformly distributed throughout the flow field
 Bubbles  Aggregate in the centers of both gyres
 Increasing Stokes number St  Faster and more pronounced aggregation
 Faxén correction  Negligible effect
 D/Dt vs. d/dt assumption  Slower aggregation, but identical qualitative attractor structure
 Coriolis (Northern Hemisphere)  Aerosols ejected from cyclonic to anticyclonic gyre;

 bubbles cluster in the center of the cyclonic gyre
 Coriolis (Southern Hemisphere)  Mirror of Northern Hemisphere behavior
 Increasing strength of rotation  Faster aggregation to particles’ respective attractor region
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TABLE II. Summary of key findings for the Bickley jet (Sec. IV).

 Effect/Parameter  Finding

 Non-inertial particles  Swept along the zonal jet core and into the counter-rotating vortices
 Aerosols  Aggregate in the jet core; aerosol distribution around each vortex

 broadens leading to a visually enlarged vortex
 Bubbles  Form spiral structures by blending the vortex regions with the jet core
 Increasing Stokes number  More complex aerosol clustering in the jet core; pronounced spiral

 structures for bubbles
 Coriolis (Northern Hemisphere)  Aerosols aggregate along the separatrices bounding the vortices,

 aggregating along the lower boundary. Bubbles form spiral structures
 inside the vortices and aggregate along the upper boundary

 Coriolis (Southern Hemisphere)  Mirror of Northern Hemisphere behavior
 Increasing strength of rotation  Faster aggregation to particles’ respective attractor region

showed how particle clustering depends on the density ratio and the 
Stokes number.

We first considered the dynamics of non-inertial and inertial 
particles in a DG flow, developing a diagnostic framework through 
a series of parameter studies. The results showed aerosols aggregat-
ing toward the LCSs, with bubbles forming clusters at the centers 
of the gyres. Additionally, we explored the preferential aggrega-
tion without assuming that the total and material derivatives in the 
MR equation are identical. The assumption preserves the qualitative 
attractor structure, but particles aggregate onto their inertial attrac-
tors at a different rate. The Faxén correction has a negligible effect 
on the dynamics for small particles in these flows. When we included 
the Coriolis force, we confirmed that, in the Northern Hemisphere, 
heavy particles were ejected from the cyclonic gyre into the center 
of the anti-cyclonic gyre, while bubbles were ejected from the anti-
cyclonic gyre and drawn into the cyclonic gyre. The opposite effect 
was seen for the Southern Hemisphere. Our results showed that the 
rate of aggregation onto these rotational attractors strengthens with 
the strength of rotation.

We then extended the analysis to the Bickley jet, a zonal flow, 
where the non-inertial particles were either swept along the strong 
jet core or moved throughout the vortices. In contrast, for inertial 

particles, aerosols aggregated in the strong jet core and the vortices 
appeared visually enlarged, covering more of the spatial domain. For 
bubbles, there was more of a blending of the vortices and the core, 
forming a spiral-like structure. FTLE fields for the Bickley jet high-
lighted the strong eastward zonal jet and the jet core, where the jet 
core acted as a particle transport barrier. The iFTLE field for aerosols 
highlighted the maximal iFTLE ridges inside the vortices, with low 
iFTLE ridges inside the jet core. Similarly, for bubbles, we found 
maximal iFTLE ridges around the jet core, which acted as a particle 
transport barrier.

Similarly, we analyzed the dynamics of non-inertial and iner-
tial particles for an eddy-quadrupole flow. The FTLE field showed 
maximal ridges around the four eddies, which acted as particle trans-
port barriers. For the iFTLE field, we observed that elongated iFTLE 
ridges surrounded the eddies in aerosols, whereas bubbles retained 
circular ridges encircling the eddies. Particle aggregation showed 
that aerosols formed filamentary loops outside the eddy cores, while 
bubbles became trapped and clustered inside the eddies.

Last, we studied non-inertial and inertial particle dynamics in 
the Monterey Bay region, which included the northern part of the 
bay to the southern coastline, part of the open ocean, and portions of 
the coastal region. We observed that sometimes there exists a strong 

TABLE III. Summary of key findings for the eddy-quadrupole flow (Sec. IV).

 Effect/Parameter  Finding

 Non-inertial particles  Aggregate within flow field consisting of four eddies that smoothly
 transition to an eight-eddy configuration

 Aerosols  Elongated iFTLE ridges around the eddies; particles form
 filamentary loops outside the eddy cores

 Bubbles  Trapped inside the eddies, circular iFTLE ridges around each eddy
 Increasing Stokes number  Filamentary mixing structures emerge between same-rotation

 eddies at St = 0.5
 Coriolis (Northern Hemisphere)  Aerosols expelled from cyclonic eddies and aggregate along

 boundaries of anticyclonic eddies; bubbles cluster in the
 center of cyclonic eddies

 Coriolis (Southern Hemisphere)  Mirror of Northern Hemisphere behavior
 Increasing strength of rotation  Filamentary mixing between same-rotation eddies strengthens
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TABLE IV. Summary of key findings for the Monterey Bay surface velocity data (Sec. V).

 Effect/Parameter  Finding

 Non-inertial particles  Follow ocean circulation along the coast and across the mouth
 of the bay; an FTLE ridge across the bay mouth separates

 recirculating water from open-ocean exchange
 Aerosols  Have narrow bands along strong iFTLE ridges; an iFTLE ridge

 across the bay mouth acts as a particle transport barrier
 Neutrally buoyant  Follow natural ocean circulation; LCSs proliferate at higher

 Stokes numbers
 Bubbles  Fragment into filaments; LCSs proliferate at higher Stokes

 numbers, highlighting finer coastal transport structures
 Increasing Stokes number St  Aggregation transitions from narrow bands to fragmented

 filamentary structures; coastal transport structures become finer
 and more numerous

FTLE ridge extending across the mouth of the bay, separating recir-
culating water from open-ocean exchange and acting as a particle 
transport barrier. A similar particle transport barrier was seen for 
aerosols with the presence of an iFTLE ridge. Meanwhile, LCSs for 
bubbles and neutrally buoyant particles proliferated, especially for 
higher Stokes numbers, highlighting finer coastal transport struc-
tures. Particle aggregation showed that aerosols traced narrow bands 
along strong iFTLE ridges, neutrally buoyant particles followed 
natural ocean circulation, and bubbles fragmented into filaments. 
A summary of our findings is presented in Table I (double-gyre 
flow), Table II (Bickley jet), Table III (eddy-quadrupole flow), and 
Table IV (Monterey Bay).

Taken together, we have compared and contrasted the behav-
ior of passive tracers with that of different types of inertial particles 
in various flows for different forms of the MR equation. We have 
shown that the behavior of inertial and non-inertial particles differs 
markedly. The results confirm prior theoretical work and serve as 
a set of benchmarks across a range of fluid flows and a variety of 
parameter values.

In the future, it would be highly valuable to compare the results 
presented within this article to experimental trajectory data gath-
ered within the lab or from drifters in the ocean. Because the MR 
equation is derived for small, spherical particles, one would first 
need to adjust for the size and shape of the drifter. Over the years, 
many applications involving autonomous vehicles or swarms of 
vehicles operating in the ocean and atmosphere have been consid-
ered. However, in much of this work, the vehicles were assumed 
to behave as massless particles (passive tracers). However, the iner-
tial particle dynamics are significantly different from that of passive 
tracers. Moreover, even omitting or simplifying terms in the MR 
equation can lead to different inertial particle dynamics. This is par-
ticularly important as this can lead to prediction errors of vehicle 
positioning on the order of tens of kilometers in realistic coastal 
flows.

Also of interest in the future is the exploration of machine 
learning (ML) methodologies. Fueled by large volumes of data, 
machine learning and data analytics have revolutionized a wide 
range of scientific disciplines in the last few years.57–61 We would like 
to extend the range of applications to the identification of coherent 

structures. Notably, reliable and efficient recognition of coherent 
structures can inform a fleet of autonomous vehicles to sample 
the ocean environment most effectively and, thus, can significantly 
advance ocean prediction. Of course, as we have demonstrated, it is 
critically important to include the inertial effects in these studies.
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APPENDIX A: NON-DIMENSIONALIZATION OF THE 
MAXEY–RILEY EQUATION

To non-dimensionalize Eq. (6), we introduce the non-
dimensional variables r̂, û, and t̂ so that r → r̂L, u → ûU, and
t =

L
U t̂.37 Thus, ̇r = Ur̂′ and ̈r =

U2

L r̂′′, where ′ denotes d
dt̂

. The Faxén 
correction term is non-dimensionalized as ∇2u →

U
L2 ∇̂û. Writing 

Eq. (6) in terms of the non-dimensional scalings, one obtains
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Collecting the r̂′′ terms on the left-hand side of Eq. (A1), one 
has

U2

L
mp r̂

′′
+

1

2
mf

U2

L
r̂′′

= mf
U2

L

Dû
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which can be rewritten as
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Dû

Dt̂
+

1

2
mf

U2

L

dû
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We reorder the terms in Eq. (A3) in the form of particle accel-
eration term = acceleration of the fluid element term + Stokes drag 
term + buoyancy effect term + terms involving the Faxén correction 
so that

(︃
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2
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1

20
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which can be rewritten as
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Further algebraic simplification of Eq. (A5) leads to
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The non-dimensional MR equation, including buoyancy and 
the Faxén correction, is given as

r̂′′(t) = R
D
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1

2
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where
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=

6πaµL(︁
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1
2 mF

)︁
U
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mf
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1
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,
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6πaµUSt
g, and P =

a

L
. (A8)

Ignoring buoyancy, this non-dimensional form is also provided as 
Eq. (9).

APPENDIX B: ADDITIONAL PREFERENTIAL 
AGGREGATION RESULTS FOR THE DOUBLE-GYRE 
FLOW

This appendix provides supplementary results for the DG flow, 
complementing the analysis in Sec. III C. The computational setup 
is identical to that previously described.

1. Preferential aggregation for varying density ratios
Figure 20 shows the preferential aggregation of inertial parti-

cles at t = 15 for a fixed Stokes number St = 0.5 and different density 
ratios ranging from aerosols (R = 0) to bubbles (R = 1). One can see 
that aerosols aggregate toward the maximal iFTLE ridges while bub-
bles (R = 1) are repelled from the maximal iFTLE ridges, forming 
clusters in the center of the gyres instead. Neutrally buoyant particles 
(R = 2/3) follow the underlying flow without preferential clustering.
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FIG. 20. Preferential aggregation for inertial particles at t= 15 for St= 0.5 and varying density ratios. The parameter values for the double-gyre flow used in the computation 
are A= 0.1, ω= 6π /10, and ε = 0.25.
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FIG. 21. Preferential aggregation at t= 15 in a double-gyre flow including the Coriolis force at mid-latitudes for (top row) aerosols (R= 0) with a Coriolis non-
dimensionalization timescale of 5000 s, and (bottom row) bubbles (R= 1) with a timescale of 8000 s. The left two columns represent the Northern Hemisphere (ϕ=π /4) 
and the right two columns represent the Southern Hemisphere (ϕ= −π /4). Within each hemisphere block, the Stokes numbers are St= 0.2 (left) and St= 0.5 (right).

2. Preferential aggregation for Coriolis effect
Figure 21 shows the preferential aggregation of aerosols and 

bubbles in the DG flow with the inclusion of the Coriolis force at 
additional values of the Coriolis non-dimensionalization timescale, 
complementing the results shown in Fig. 8 of Sec. III C 5. For 
aerosols (top row), in both hemispheres particles are expelled 
from cyclonic gyres and accumulate in anticyclonic ones, with 
more pronounced aggregation at higher Stokes number. For bub-
bles (bottom row), they cluster in cyclonic gyre centers in the 

Northern Hemisphere and anticyclonic gyre centers in the South-
ern Hemisphere. This is consistent with the preferential aggregation 
of aerosols and bubbles as seen in the main text.

APPENDIX C: ADDITIONAL PREFERENTIAL 
AGGREGATION RESULTS FOR THE BICKLEY JET

This appendix provides supplementary results for the Bickley 
jet, complementing the analysis in Sec. IV A.

FIG. 22. Preferential aggregation of inertial particles for (left) aerosols (R= 0), and (right) bubbles (R= 1) in a Bickley jet flow model at time t= 10 with St= 0.5.
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FIG. 23. Preferential aggregation for aerosols (R= 0) in a Bickley jet including the Coriolis force in the Southern Hemisphere (ϕ= −π /3). The left column shows St= 0.2 
and the right column shows St= 0.5, for non-dimensionalization timescales of 10 000 s (top row) and 20 000 s (bottom row).

FIG. 24. Preferential aggregation for bubbles (R= 1) in a Bickley jet including the Coriolis force in the Southern Hemisphere (ϕ= −π /3). The left column shows St= 0.2 
and the right column shows St= 0.5, for non-dimensionalization timescales of 10 000 s (top row) and 20 000 s (bottom row).
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1. Preferential aggregation for higher Stokes number
Figure 22 shows the preferential aggregation of aerosols and 

bubbles in the Bickley jet for St = 0.5, complementing the results 
shown in Fig. 11 in Sec. IV A. Figure 22 shows that as the Stokes 
number is increased from St = 0.2 to St = 0.5, one finds similar but 
more pronounced spiral behavior for bubbles. Aerosol aggregation, 
while still mostly occurring in the jet core, is more complicated, 
commensurate with the more complicated iFTLE field shown in 
Fig. 10 for St = 0.5.

2. Preferential aggregation for Coriolis effect
Figure 12 in Sec. IV A 4 shows the aggregation of particles in 

the Bickley jet with Coriolis force for St = 0.1 in both hemispheres. 
As a complement, Figs. 23 and 24 show the preferential aggre-
gation for St = 0.1, St = 0.2, and St = 0.5 at two different Coriolis 
timescales (10 000 and 20 000 s). Because the Bickley jet parameters 
used in this work are specifically tuned to model the stratospheric 
polar night jet in the Southern Hemisphere, we present the extended 
results exclusively for the Southern Hemisphere. As demonstrated 
in the main text, a complete hemispheric reversal is expected for the 
Northern Hemisphere. The results are consistent with Fig. 12, with 
aerosols increasingly swept to the boundary at higher Stokes num-
bers and aggregation toward the inertial attractors strengthening as 
the Coriolis timescale increases.

APPENDIX D: ADDITIONAL iFTLE RESULTS FOR THE 
EDDY-QUADRUPOLE FLOW

Figure 14 in Sec. IV B 1 shows the iFTLE field on the 
domain [−9, 9] × [−9, 9] in order to capture the full extent of 

the eddy-quadrupole flow. As a complement, Fig. 25 shows the 
backward-time iFTLE fields on the smaller, [−3, 3] × [−5, 5] 
domain, where one can clearly see the four eddy configurations.

Figure 25 shows that the circular maximal FTLE ridges sur-
rounding the eddies become elongated for aerosols, with the elonga-
tion more pronounced as the Stokes number increases. The iFTLE 
ridges also highlight regions where particles are no longer confined 
to the eddies. For bubbles, circular iFTLE ridges surrounding the 
eddies remain visible. Unlike aerosols, bubbles are trapped inside 
the eddies, as was the case for non-inertial particles. However, as 
the Stokes number increases, a more complex set of iFTLE ridges 
emerges outside the four eddies, indicating that bubbles in these 
regions are no longer constrained by the eddies and are instead dis-
persed throughout the flow, largely escaping the rotational trapping 
effects of the vortices.

APPENDIX E: PREFERENTIAL AGGREGATION IN AN 
EDDY-QUADRUPOLE FLOW WITH THE CORIOLIS 
FORCE

Figure 16 in Sec. IV B 4 shows the aggregation of particles in 
the eddy-quadrupole flow with Coriolis force for St = 0.2 for one 
choice of Coriolis timescale. As a complement, Figs. 26 and 27 show 
the aggregation for St = 0.2 and St = 0.5 at two Coriolis timescales 
(10 000 and 20 000 s) in both hemispheres.

Figures 26 and 27 show the preferential aggregation of aerosols 
(R = 0) and bubbles (R = 1), respectively, at t = 5 with t0 = 0. The 
preferential aggregation behavior described in Sec. IV B 4 is seen 
at all parameter values; however, at St = 0.5, filamentary mixing 
structures appear between same-rotation eddies connecting the two 

FIG. 25. Backward-time iFTLE field at initial time t0 = 5 
with T = −5 on the smaller domain [− 3, 3]× [− 5, 5] for 
(top) aerosols and (bottom) bubbles for Stokes numbers (left) 
St= 0.1, (middle) St= 0.2, and (right) St= 0.5. Parameter val-
ues are α= 1/3, β = 0.008/5, and δ= 5.
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FIG. 26. Preferential aggregation of aerosols (R= 0) at t= 5 in an eddy-quadrupole flow. The grid is organized by Northern (top row) and Southern (bottom row) Hemisphere. 
Columns represent increasing Stokes numbers (St= 0.2/0.5) within the 10 000 s timescale block (left two columns) and the 20 000 s timescale block (right two columns).

FIG. 27. Preferential aggregation parameter sweep of bubbles (R= 1) at t= 5 in an eddy-quadrupole flow. The grid is organized by Northern (top row) and Southern (bottom 
row) Hemisphere. Columns represent increasing Stokes numbers (St= 0.2/0.5) within the 10 000 s timescale block (left two columns) and the 20 000 s timescale block (right 
two columns).
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anticyclonic eddies in the Northern Hemisphere for aerosols, and 
the two cyclonic eddies in the Southern Hemisphere. Similarly, 
increasing the Coriolis timescale results in more pronounced aggre-
gation toward the inertial attractors for both aerosols and bubbles. 
These results remain consistent with the theory for heavy and light 
particles as explained in Sec. III C 5.
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